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ABSTRACT
Fraction is known to be a difficult subject. Researchers have been studying the difficulties of learning rational numbers for decades, and while teachers can receive important information from research, students still seem to struggle just as much (e.g. Lortie-Forgues, Tian and Siegler, 2015). In this paper, we comment that situation by conceptualizing the notion of time, and drawing attention to how it relates to elements such as the culture of teachers and students as well as their actions in the classroom. We argue that what people do in real time while collectively participate in regular schooling deserve a better place in our investigations, and that we need new ways of thinking to account the time dimension.
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The problem with fractions and rational numbers
[bookmark: OLE_LINK65][bookmark: OLE_LINK66]Fraction is known to be a difficult subject, and despite all our efforts, it seems that students still present the same difficulties that were observed more than 30 years ago (e.g. Lortie-Forgues, Tian and Siegler, 2015). Is learning about rational numbers that important? Scholars point to a correlation between the capability to operate with fractions and the comprehension of algebra in general (Empson, Levi and Carpenter, 2011). But we also know that when teaching mathematics is not efficient it eventually results in the abandonment of the field by students who could become good mathematicians (Boaler, 2000). In the general population, fractions are often the point in case of how mathematics is all about meaningless rules (why not just make it so that ⅔+½ = ⅗!), what Boaler (2000) describes as a perception that also alienates students who feel powerless to creatively use mathematics. In the last decades, research made progress regarding the teaching and learning of rational numbers, but debates are still open regarding some core aspects of the topic. So why does it feel like, in Brazil for example, the teaching and learning of fractions is not improving? In this paper, we use the concept of time as discussed by philosopher Paul Ricoeur to appreciate the efforts of a group of teachers of a Brazilian rural community to improve their teaching of rational numbers. The notion of narrative time allows us to appreciate what takes place in the actual conditions of teachers, and what influence their teaching (of rational numbers in this case). This leads us to argue for example that we should help teachers incorporate new approaches in their teaching by connecting past, present and future, while making room for the creating and making the best teachable moments that also connect past, present and future in the classroom, with their students.
Teaching and learning rational numbers: a fractured field
[bookmark: OLE_LINK9][bookmark: OLE_LINK10][bookmark: OLE_LINK13]Researchers have been studying the difficulties of learning rational numbers for decades. Kerslake (1986) for instance, reported difficulties when one explores the idea that fractions represent the relationship part/whole and, at the same time, they are numbers such as the integers (p. 71). Due to the complexity of the subject, the teaching of fractions, especially in the first grades of elementary school, is challenging. The same rational number can be expressed in the fraction or decimal form: different pictures for the same idea. Other aspects related to rational numbers can be challenging (without even considering operating on them), like the notion that each rational number can be associated with a dot in the number line. All this leads to students persistently have difficulties with fractions (e.g. DeWolfe and Vosniadou, 2015).
A significant amount of research on the concept is conducted by submitting a group of subjects to standardized tests or/and to individual interviews (e.g. Lortie-Forgues, Tian and Siegler, 2015; Heemsoth and Heinze, 2014; Siegler, Vamakoussi and Vosniadou, 2010; Brizuela, 2006). Tests are designed to verify the subjects’ ability to model situations, solve problems, compare fractions and operate with them, or indicate where specific fractions are located in the number line. Besides answering short questions, students are given problems in which they must explain their answers. Overall, statistical analyses are conducted, for example in of greater or lesser proximity to the correct result (Siegler, Thompson and Shneider, 2011, p.281). These highlight how the many aspects of the concept can present challenges in various populations, and thus might help evaluate to what extent a given teaching approach might be successful. It suggests that when one wants to verify the efficacy of a teaching method, the measurement can be done by comparing results from two standardized tests in different times: before and after the application of that teaching method. However, it makes us wonder about what happened in between those tests, while the subjects were collectively shaping their learning environment.
From such studies, models are developed on how to construct concepts related to fractions. For example, some researchers suggest to emphasize different properties between fractions and integers (Gelman and Williams, 1998; Yoshida and Sawano, 2002; Geary, 2006; DeWolf and Vosniadou, 2015). But others, on the contrary, conclude that fractions should instead be presented first as an expansion of the integers, and focus on how all numbers can be associated with a position in the number line (Siegler, Thompson and Schneider, 2011; Empson, Levi and Carpenter, 2011). For instance, Gelman and Williams define fractions as the division of two cardinals, assert that division is not usually a familiar concept for children, and also note that the idea of fractions as numbers might be conceptually inconsistent with the children’s (implicit) counting principles (Gelman & Williams, 1998, p. 618). However, Empson, Levi and Carpenter suggest focusing on similarities with the integers shown by fractions as rationals numbers, and present some 5 and 6 year-old children’s solution to division problems arguing that even at this early age the fraction concept can be presented in such a way (although not formally of course). So while some researchers subscribe to the idea that fractions and integers should be taught separately due to the sharp differences between the concepts, others believe that the development of the number concept evolves by the realization that all rational numbers have magnitude and can be found on the number line. But those assertions are quickly challenged by researchers like DeWolf and Vosniadou (2015) who show evidence of how adults (including some with third-level education) compare fractions using reasoning strategies that are very different from the ones they use with integers. Through this, it might very well look like while scholars debate, we haven't made much progress on the teaching and learning of fractions.
Nevertheless, it is clear to us that research contributes to the teaching and learning of rational numbers despite (or maybe thanks to) these debates. Beyond the specific, there are some general agreements regarding how it is important to develop various senses of the fractions, how using manipulative is helpful especially in the early stages, and so on. But when researchers Lortie-Forgues, Tian and Siegler (2015) repeated a test conducted some 30 years ago with a group of students, they observed the same difficulties as before. This, of course, could be the indication of severe gaps between the work of researchers and that of policy makers, or textbook authors, and so on. But this is not really the case. Shin & Lee (2018) observe that there has been an evolution in instructional materials, as exemplified by American and Korean textbooks which seems to be informed by research. We do know that the evolution of curriculum guidelines and instructional materials cannot be enough to bring about change in schools. Which leaves us with little more options than looking at teachers’ practice.
[bookmark: OLE_LINK19][bookmark: OLE_LINK20][bookmark: OLE_LINK23][bookmark: OLE_LINK24][bookmark: OLE_LINK15][bookmark: OLE_LINK16]On that front, it seems easier to blame teachers than to take them as competent, insightful stakeholders (Krainer, 2014). However, as shown numerous times in collaborative research (e.g. Bednarz, 2004; Steffe, 2010) we can learn by closely looking at what teachers do and why. We see the possibility to enrich research by requiring it to consider the various aspects that shape the everyday of teaching and the classroom. What can be said about teaching and learning rational numbers considering the actual conditions in which it takes place? We offer to move in that direction by conceptualizing the notion of time as a key factor to be considered in relation to how development in research and instructional material is taken on by teachers. We do so by presenting the analysis of a research study in which a group of teachers designed (and implemented) a lesson on rational numbers. By examining how time is a fundamental element of everyday teaching and learning that is naturally dismissed in documentation about how students learn or how teachers should teach, we hope that research can develop new ways of thinking and, perhaps, better serve those teachers and students.
Theoretical approach: A slice of (their) time
The research mentioned above implicitly refer to, talk about and address teachers and students in the generic form. A significant part of the studies on fractions is based on data obtained from interviews conducted outside the classroom or from courses, which are organized with the help of researchers or by themselves (for instance: Șahin, Gökkurt & Soylu, 2016; Krause et al., 2016; Izsák et al., 2012; Newton, 2008; Tirosh, 2000). That is, these studies refer to the teaching or the learning of an ideal human being by considering projected actions, or by trying to reduce individual understanding to simplifying models (e.g. by conducting quantitative analysis on standardized tests and/or groups of students). Opposite to this trend, we believe that there is a lot to be learned by considering how actual people genuinely act in a concrete situation, which implies in looking at people as immersed in a culture which is a constituent part of what they do. It is important to note that a lot of researchers do this with the coherent and well-intended purpose of providing teachers with general advises (prescriptions?). But we will argue that this is probably an important part of why research and practice around the teaching and learning of rational numbers seems to stall. Like many scholars (Sfard, 2007; Knijnik & Wanderer, 2006) we are convinced that doing mathematics cannot be conceived of without taking into account the real conditions in which it takes place. Real life, flesh and blood teachers and students experiencing a mathematics lesson, unlike those abstractions, are very much affected by their cultural environment, their personal life story, and so on. They are elements which, once considered, make us see how teachers are constantly “at risk” (e.g. Roth & Maheux, 2015) in the classroom, dealing with the unpredictable, constantly required to improvise. Preparing for and engaging in a classroom means facing the unexpected because people's experiences do not simply and directly influence their decisions. One of our goals in this paper is precisely to discuss how the personal and cultural conditions of the actors strongly influence what happens in teaching of fractions in relation with the “debate” mentioned above.
To do this, however, we need to find a way to describe actual life experiences in relation to the conditions in which they take place. One way to do this draw on Pierre Bourdieu’s notion of habitus. Bourdieu (1983), relying on the idea of experience explored by Aristotle, coined the concept of habitus as a way to talk about how a person develops while he/she experiences an environment and becomes familiar with the ways that other people act in that environment. Habitus, like all learning, are dynamic: that is, they are characterized by change, which requires time. Bourdieu himself was mainly interested in explaining why social groups tend to reinforce their behavior. However habitus is never frozen in time. On the contrary, as Decoteau (2016) observes:
Bourdieu discusses the deep structures of the habitus, which are forged through originally experiences, and which are difficult to challenge. But, then, he also insists that each habitus is different because it is always contingent on experiences and the relations within which it is embedded which either modifies or reinforces its structure. Therefore, any given event or situation, within which the habitus is embedded may result in different actions because there are multiple mechanisms, at various levels of depth, in play. In addition, contradictions may arise within and between these levels of structural conditioning. (p. 316) 
Bourdieu and Wacquant (1992) argue that habitus is formed by past experiences but is always open to changes acquired in social practices:
Habitus... Being a product of history, is a system of open dispositions that never ceases to be confronted by new experiences, and therefore does not cease to be affected by them. It is durable, but not unchanging. (Bourdieu and Wacquant, 1992, p.108, apud Brandão, 2010, p.232)
From such perspective, as human beings we are always subject to change, always in time, and this is a crucial dimension of teaching and learning that is easily overlooked, especially when we try to generalize. In everyday life, students and teachers are ongoingly subjects to their experiences which in return affect coming experiences. This is why habitus is always contingent on experiences. More so, teachers are always immersed in socio-cultural environments that they also produce. They are situated in places and times that their own actions contribute to defining as specific places and specific times with specific people, and so on. Thus, for example, mathematically attending to a ruler while in a classroom, instead of using them as swords to play pirate! These are key aspects of what being contingent on relations within which structures are embedded, modified and reinforced… over time. Accepting this implies facing the challenge of considering how such influences operate in classroom actions, and to tackle the question of how we can conceptualize that actions occurring in the here-and-now are influenced by previous (and future) experiences: hence the need to reflect on the nature of time.
Ricoeur (1980) criticizes philosophers and historians in general because when they speak of time they do not make reference to narrative activity. For Ricoeur, narrative activity is fundamental to understand human experiences because we not only live in languages, but stories. Those stories about ourselves and what happens to us are what unites past and future and make it so that time is not simply experienced as a succession of nows, but something with which we surround ourselves. Constantly developing narratives, we are constantly engaged in the process of re-signifying chains of events to create meaningful wholes. Thus, we do not live moments that follow one after another, but continuously experience events which make sense in the light of the evolving narratives, which we sustain. Time then does not move following a unidirectional arrow. The meaning of narratively previous events is (at least in part) in the future (as in most stories), and the future (as something we narratively anticipate) but a projection of the past (what we can imagine our stories will lead to).
[bookmark: OLE_LINK27][bookmark: OLE_LINK28]If we accept these insights regarding time, language and culture, we are taken to look at what teachers and students do in a vivid perspective. We can consider, for example, how a timeless set of (curricular or textbook) expectations and prescriptions is incorporated in the unfolding story of preparing a classroom activity, and projected in the anticipation of what it will look like based on previous experiences… whose true meaning will be revealed, at least partially, in upcoming events. That particular event (the preparation) has a special dynamic, a set of relevant habitus which differ from that dominating during the teaching itself, where time is experienced very differently. In the classroom, lesson plans themselves appear as timeless entities that need to be interpreted in relation to what this or that student actually says or do, to what the lesson looks like so far and where it might actually go. Time, or the problem of narratively making sense of previous events and anticipating turn of events has a very different feel than what is experienced when planning. Our intention here is to examine two such moments in order to empirically describe what might actually influence teaching (of rational numbers, in this case).
In the next section, we will examine how this gives us an enriched understanding of what happened in a fraction and decimal lesson.  We will explore the preparation in this first paper and the actions in classroom later. In terms of method, the data presented here was collected as part of a research project in which 6 primary school teachers, a researcher and 4 undergraduate students collaborated in order to understand how in-service teachers could improve their teaching in science and mathematics[footnoteRef:1]. As part of this, for each specific theme the group collectively designed a set of mathematical lessons, which were then taught by teachers in pairs. After each lesson, a debriefing took place, during which the teachers and the researchers discussed the lesson.  Classes were videos recorded and episodes were selected for discussions/analysis by both the researcher and teachers during those debriefing session. In this paper, we draw on what happened in two sessions prior to the classroom experimentations. For the analysis, we mostly draw on field notes were registered from those discussions. [1:  This work happened took place in the municipality of Ouro Branco, Minas Gerais, Brazil.] 

Parts and wholes: A study of teaching and learning of rational numbers
In this section, we examine what took place in the context of a group of teachers designing, experimenting and reflecting over a lesson on fractions and decimals. The first part focuses on the analysis what took place at the beginning of the project. We mostly draw on the notion of narrative time presented above, which helps us realize how a dynamic of innovation was at play. In the second part, we attended to what we call the preparation of the lesson (as opposed to its “planification”), in which an analysis in terms of narrative time brings us new insights regarding how time is involved in a fundamental way in everyday teaching and learning which is frequently dismissed in research and instructional material.
At the origin: Innovation
[bookmark: OLE_LINK11][bookmark: OLE_LINK12]When the six in-service primary school teachers contacted us, it was clear that they were unhappy with how teaching and learning of rational numbers was taking place in their schools. Lead by a teacher we will call Maria Lucia, they wanted, in response to that, to design a set of lessons on fractions and decimals. Maria Lucia was from a rural community of Ouro Branco, she had extensive experience as an elementary school teacher, and in addition to work at the same school for many years, she had been discussing mathematics teaching with Adriana, who also participates in the project. From the outset, it was also very clear that the teachers wanted to focus on their own, immediate needs, so the lessons would have to be adapted to Maria Lucia’s pupils: a group of children aged between 10 and 11, who had already worked with fractions by the time we got to this set of lessons.
Pointing to a certain discomfort
The teachers’ demand captures the necessity to try something different from what they use to do, but also different from what could be called “conventional teaching”. The group would create lessons, test them, and analyze the results as part of an experimentation from which something new could emerge. The question of time helps us understand this undertaking in terms of innovation.  Innovation is not just the production of something, it implies making changes in something established, and (ideally) enduring ones. That is, innovation is about convening past and future in the creation of something which is both a response and an offer.
What are teachers responding to in this case? On the one hand, there was a unanimous dissatisfaction with what they were usually able to achieve with their students. Past experiences had to be brought forth, and the known material and ways of using it had to be challenged. In this case the past consists of life stories, which are part of each individual. This means that teachers here where not only responding to a singular, unified situation, but actually wanted to deal with a complex set of experiences: Three teachers, and Maria Lucia was one of them, had experienced teaching multilevel classes in remote country areas, three others were experienced in teaching to single level classes at downtown schools. But dealing with such complexity was possible only because these experiences took place in a common professional field: they were all teaching mathematics, in public schools, in Brazil, and so on. This common background comes with a certain sense of what teaching is about, including something the teachers felt was a “conventional” way of teaching.
Textbooks and curricular documents offer little opportunities for teachers to create narrative time around them because they rarely reflect the teachers’ experiences, their struggle, and so on. Very rarely do such resources discuss the difficulties of teaching this or that concept, or the challenge of dealing with multilevel or overcrowded classrooms, or simply acknowledge the teachers’ general dissatisfaction of their work conditions.
By responding to this various and shared experiences, teachers were doing what Ricoeur identifies as bringing the past into the present. Past experiences were used by the group to create a shared perception, a dissatisfaction they ratified in the present. These experiences also constituted, in the meeting, the acquired habitus they’ve put on the table for evaluating and challenging. This desire to change directly connect them with the future, actually making it a “moment” in the narrative. The teacher’s goal is not merely to work on something (here and now) based on their past experiences, but to create something for the future: to change their practices and, thereby, improve the way mathematics is taught and learned. More so, as indicated earlier, habitus is associated both with the perceptions of “the rules of the game” (the way the work environment is structured), and the group's dissatisfaction with the results obtained until then.
The group’s decision to challenge the way they used to teach is understandable through the dynamic characteristic of habitus, as something evolving, something which takes place in time. By highlighting their past, the teachers open doors (in the present) for potential change (in the future). Wanting to innovate means connecting past (teaching with unsatisfactory results) with future (hope for better learning outcomes) through the development (in the now) of new practices. But innovation as a driving force connecting past, present and future sets this potential change in practice in a particular light. Changing one’s practice involves risk, perhaps even sacrifice. For example, one of the teachers articulated how while her students are able to perform algorithms for adding fractions, she felt they do not conceptually understand what they do and why. Changing her practice implies putting at risk whatever works in what she does, and same goes for the other teachers in the group. Pre-decided changes and mandatory reforms rarely offer teachers the opportunity to connect past, present and future in a meaningful way. Wanting to innovate involves a form of control, an informed decision made on a certain construction of the past, present and future. Here, teachers somehow created a story about a need for change, and decided that they would take a risk and look for something new. Let’s examine this a little more.
Looking for something new
We noted that the teachers’ reaction was not, in this case, to look for some different in already existing teaching resources. Their desire to innovate implies looking outside of what is offered within or around their current curriculum, and thus overcome what they perceived as the global school curriculum’s modus operandi. Here again, the notion of time can be useful. Educational systems (in the widest sense) provide teachers with numerous methodologies, which are supposed produce (or at least support) learning according to where students are situated. But these resources, of course, are not perfectly effective in practice, they do not ensure learning (let alone the specific, officially prescribed learning), nor learning opportunities. The reason for this is that no matter how well tested and improved, such teaching instruments cannot take into account local realities: real people, their experiences, their intentions, and so on. That is, they do not naturally insert themselves in the narrative time of a teacher deciding what will be done next month, or the students’ personal relation to mathematics and school, or the classroom’s day-to-day progression. And the educational system itself, as a whole, necessarily faces the same problem: it is designed at the level of a much larger narrative, that of a nation. It is thus normal that teachers would be dissatisfied with such resources, especially when they are advertised as effective, which was often the case here. 
In terms of time, we can see here again teachers bringing their past experiences with such material and modus operandi as a reference for change. The narrative is not only about how things did not work, it is about the need for something new, something that would be more satisfactory in terms of their needs. At that point, they could decide to survey as many textbooks and teaching guidelines as possible in order to choose some method that would seem more adequate. But considering time reminds us that they were not newcomers and, as such, have long experience with existing teaching materials. So there is a good chance that, even if it was not explicitly articulated by them at the moment, an important part of the teachers’ decision to innovate rather than look for already available material comes from an overall impression (valid or not) that these resources would not provide them with the kind of change they are looking for. As part of what is already there, alternative material is maybe less promising: it is already in the past, and its potential for the future might seem limited. If change was going to come from that, shouldn’t it happen already? How could something old bring about something new? But it is not only this.
When teachers turn back to the past and take as a backdrop their own students and their experiences in teaching, they know that whatever they will choose to do in the future will have to be tailored to that “reality”. The notion of narrative time precisely draws our attention to that: being (in) the present requires an articulation with (what is in) the past and the future. This means that even if they were looking for existing resources in order to try something different (as opposed to trying something new), they would need to incorporate that material into a compelling present, and thus articulate it with their own past and future. An experienced teacher is precisely someone who has a lot of history in teaching, a rich past so to speak. In that case, coming across an existing yet unexplored approach to teaching rational numbers that would fit that history might seem very unlikely. Adaptations, transformations, adjustments would need to be made: a kind of work that is not so different than what innovation will require from them. Plus, on the other hand, creating something new clearly seems to open up for those experienced teachers’ know-how to fully express itself. Innovation will offer them the opportunity to draw on their past and future to (try to) create exactly what they need, something fully rooted in their past and reaching on their future.
From that angle, considering time the way we do, it thus appears natural for experienced teachers to prefer innovation over adopting alien approaches. It does not exclude the possibility of teachers finding in textbooks or curriculum compelling methods or ideas. But it is interesting to think that when this happens, it is probably in part because these teachers are able to “connect” what is offered. They can recognize themselves, past present and future, in these different approaches. The reality they construct and the intention they envision can be articulated with what is presented to them, which make adopting them or trying them out a sensible move. But this necessary blend into their own narrative time also suggests that what teachers “see” in those propositions may not be what the original designers had in mind. There is an interpretation at play. When we recognize ourselves in something, we perform a reconstruction of the object. This helps explain why designers often feel like teachers do not properly understand or implement their ideas (which also have to be understood in terms of the designers’ narratives). The inscription of something in one’s narrative time necessarily implies emphasizing aspects that resonate with one’s own, unique narrative, and while those elements might fit what the creators valued the most, it is not necessary (and never completely) the case.
More could be said regarding that first part of our analysis, but let’s finish here with a final comment regarding the importance of the teachers’ decision to innovate. Thinking with time, we realize that by creating something new “for the future”, the teachers also inscribe themselves, more or less intentionally, in the wider, more global narrative of improving their educational system. Present and local innovations also bear the potential to be reified, and integrated at a larger scale.
Designing lessons: a preparation of/for teaching and learning
In the previous section, we discussed how a group of teachers shared some discontent in their experience with the teaching and learning of rational numbers, and decided they would be creating something new in order to address this situation. The concept of innovation, together with an analysis in terms of narrative time, helped us appreciate the teachers’ desire for something new. We insisted on the importance of considering that change in practice hinges on articulating, in the present, one’s past and future experiences, noting that existing resources are perhaps less likely to answer that requirement. We will now examine what happened once the teachers started to look more closely at one of the lessons, and use the concept of preparing (as opposed to “planning”) to better render the importance of the narrative dimension of time in teachers’ actual everyday work.
The actual work of designing a lesson
Now that the general agreement on creating a series of lessons was made, the teachers created a sequence, and then decided how each lesson would be organized. We will focus on the second lesson, in which students would make measurements with two rulers: one marked with decimals and one with fractions (figure 1). For this lesson, the teachers discussed how students would explore similarities between two representations of rational numbers by measuring the same objects with the two rulers. In preparation, they create two paper strips of the same length (the rulers) marked as one unit (lengthy enough for divisions between 0 and 1 to be easily visible). The general organization for the activity was to divide the class in groups of 4 and give each student one set of rulers to complete. The second task was for students to find objects to measure using the 2 rulers, and write the values in a table. The lesson would end with a group discussion in which students were to present their work, and discuss issues they faced.
[image: ]
Figure 1 – Rulers and the table given to the students
What we see here is a group of teachers deciding what they will do next with their students. Doing this requires, of course, some understanding of where the students are at, where they come from (mathematically) and where the teachers would like them to go: we are quite familiar with how this is the reunion of past present and future. The word “design” actually derives from the Latin designare meaning “to designate”. In that sense it is evocative of the assignation of something to a position in time, space or other kinds of structures. Because designing a lesson takes place in time, it is also about attending, in the here and now, to what could come next based on what would have happened before. When teachers consider what they will do “next” with their students, they not merely make plans for what should be taking place in their classroom. They also locate it in the narrative time of the classroom itself, including what Alain Mercier (2001) calls “le temps didactique”. Considering time help us appreciate how the designation of a moment in the classroom history, and the designation of some tasks to be realized is part of preparation process that can hardly be taken on by ready-made teaching material. Teachers need to make decisions and adjustments, which require thinking about what students have done before. Are they (mathematically) ready for the task? Will it still present some kind of challenge? Doing so, teachers draw not only on their experience of the actual students for whom they design the lesson, but also on a more general sense of what students like them normally do. Their experience warrants the reasonableness of their choice of tasks as something that could correspond well to the students’ experiences, and contribute forward in terms of the teachers’ professional responsibilities towards the students. And within that, of course, in this case, carry on their overall intention to improve the teaching and learning of rational numbers by innovating: the idea of working with two rulers is one of their own, it did not come from a textbook or an official document. This also indicates the group’s determination in trusting their competencies to deal with the local realities, to create from scratch something relevant to the teaching and learning of rational numbers, and to organize that something into a workable design… usefully and meaningfully connecting past present and future.
Now a lesson is not just like a non-dimensional point in time: it is something that unfolds over several minutes, and thus also encapsulate a series of occurrences, a continuum of moments each determined by what came before and what will come next. The three phases of lesson outlined above illustrates that at a certain scale: the first task on the topic that day will be to fill the ruler, the second one will be measuring objects, and the third one will be sharing observations. This is something the teachers here attend to as part of their design, but what role that structuring takes in relation with the classroom activity that will actually unfold, when the future is present? To continue with the etymological analysis, “to prepare” comes from Latin preaparare meaning “to make ready beforehand”, while “to plan” originates from the adjective planus, and refers to “drawing on a flat surface”. It is striking here to see how the teachers’ discussions about the lesson, while partially concerned with laying out of what should happen in the classroom, can be seen more broadly as teachers making themselves ready for their students (to get acquainted with rational numbers). Teachers do “plan”: they identify material, the intentions, the classroom organization, some sub tasks. In doing so, they exhibit all sorts of concerns, going from the size of the ruler to the numbers they will write on it, and so on. They project themselves in the future trying to organize it by imagining how things could happen in the classroom. The remains of this we might call “plan” of a lesson, it is what we often find in teachers’ guide that accompany textbooks, and in some curriculum around the world. These plans are ways of connecting present to future, but only as long as teachers actually engage with them, if they actually do include them in an actual practice of planning as oppose to, for example, simply rely on the fact that they exist and try to implement them right off the bat. To engage with a plan for a lesson is precisely to look both forward and backward. The teachers we see here innovate clearly draw on their experiences of what running a lesson in a classroom, in their classroom, can look like. They do think in terms of material, time management, tasks and so on. And what we see them do is the crafting of those elements into what seems to them a coherent, relevant whole. They create something that can fit both the intention they single out, and what seems to be possible to do in their classroom: a connection that is, of course, essential.
This means that lesson plans or activities provided by textbooks or official curricula will always, necessarily, have to become part of the teachers’ preparation, and as such can only represent a portion of how teachers make ready for their students. And while making oneself ready, teachers naturally have different needs, different preferences, and different habitus, each evolving in a unique context, each having a unique history. For that reason, it is only natural that teachers’ preparation will vary, and that some aspects of a lesson plan, for example, will be more meaningful for one than another. But as we can see, the existence of a shared narrative is also possible: teachers can agree on the choice of a topic, a general outline for a lesson, the use of very specific artifacts (like the rulers and the table in Figure 1), and so on. It thus makes sense for textbooks and curricula to offer activities and precisely crafted plans, but it is essential to realize that this kind of material cannot be expected to be directly translated into actual classroom activity. This is something curricula or textbooks authors need to acknowledge, but also researchers and teachers… and all those involved in and around an educational system. It helps us understand how and why people rarely teach according to plans already laid out for them, even if they are presented as “effective”. The lesson needs to be incorporated in the narrative time of their teaching, both globally and in the specific of the task and material. Bringing a plan to life will always necessarily mean an inscription in time, and teachers trying to make it “fit” with the past and future of their classrooms and practices. 
We are not saying that the teachers always make the best possible choices. Such a notion would in fact deny the time dimension we insist on. What matters cannot be reduced to the chosen lesson, the chosen plans. The time dimension involved designs coming to life tells us that if they don’t create their own lessons, they still need to be the ones choosing and adapting because it greatly matters that teachers do engage in the active work of designing the lesson because only him or her can inscribe it in the actual time of the actual classroom he or she teaches. Their choices surely need to be informed by some understanding of why and how this or that aspect of the plan is the way it is, but the connection of past present and future can only take place in the designing, not the plan itself. And one question we can ask is: how do the resources currently available to the teachers invite them, and help them to do so?
Preparing to teach
It is also important to see that although our teachers did plan to a certain level, many aspects of the lesson they envisioned were only hardly sketched. For evident reasons, we don't see teachers going through a moment-to-moment analysis of what they will say or do. They also don’t break down to the minute how much time will be given to each task, and so on. And while precisions are made regarding the composition of the ruler, little is said regarding how the final discussion should be concluded, for example. But at the end of the day, it seemed like everybody had enough to go on and carry the collectively intended lesson in their classroom. Of course, each teacher had time and opportunity to work more on the lesson before walking in the classroom. But this work remains a form of preparation for the actual lesson. As a moment in time, the choice of the lesson and the discussions about how it could go is part of the greater scheme of getting ready to engage with the students. Unplanned parts are also room to maneuver, margins to adapt, space to fill with what actually happens in the classroom with those specific students that given day. They are prepared as unplanned aspects in which the narrative of the lesson will adaptably unfold.
[bookmark: __DdeLink__623_2764016953]Looking at the lesson we have here, it is also worth noting that what the teachers opted for heavily rely on students’ making their own mathematical observations (supported by the tasks). While measuring various objects with the two rulers, students will have to realize that the ruler can be further (even endlessly) divided, and the teachers will have to help them connect this with some aspect of rational numbers. That is, the teachers designed a lesson in which they clearly open space to engage with the students and their observations, they make room for interacting with the students, actively “teaching” them by collective attention to rational numbers. We see anticipation at play, which requires looking in the past in order to see what seems most likely to happen. And it means looking into the future, or course, since the goal is not simply to design “possible” lessons, but to come up with something that will actually be carried on (by them) with the students. This time dimension is essential to the tailored, approximate nature of a preparation to fit daily situations which includes the fact that these teachers and their students have (really!) met before and will meet again. The level of preparation for an heterogeneous group of teachers like the one we had here thus need to be open enough for each one of them to continue what they have been doing with their students, and also forwardly open to continuation.
We can see this even better considering how the teachers discussed the struggles the students would face. Measuring objects that do not fall precisely onto a tick on the rulers will demand students to think of how they can read the measure and write it in the table. Teachers were aware of that difficulty but did not, in this case, go into a detailed analysis of various cases, and discuss how the students would ever come them. But in highlighting the struggle, they identified a “plot point”, a twist in the narrative of the lesson, a moment they will particularly attend to. If preparing a lesson means narratively connecting past and future intentions, it also means thinking about when or how this connection will be made. Teachers here lay out the terrain they want to explore with the students, setting themselves goals (for the future) that reflects the current state (in the present) of what working with their students had yielded so far (aka, in the past). To put it more simply: teachers have a feeling of what they can expect from their students, and prepare themselves to work within that zone. By anticipating measurement problems, those teachers prepared themselves to engage with the students in what appears to them a viable way to create “mathematical moments” for teaching (see e.g. Mason & Spence, 1999, who discuss how novice and experience teachers often differently identify those).
[bookmark: OLE_LINK35][bookmark: OLE_LINK36]Here again, our impression is that existing resources rarely offer teachers insights as how to create and make the best of such teachable moments. On the contrary, the impression often given by existing material that learning will simply occur at the end of the lesson (if the teacher implemented well, according to plan, etc.) might seem to reduce the importance of all those potentially rich but unplanned moments.
One last bit: Discussion and conclusion
For an experienced reader, what this group of teachers decided and came up with might be seen as small changes with no big consequences for teaching. However, if we take those teachers’ perspective, we can understand their movement toward innovation and the actual preparation work they engaged in as a first step on a new journey of improving their own practice. More so, innovation not only expresses the future projected in the present, it demands opening oneself to the unknown. The future is always uncertain, and inexorably involves risks. Taking risk is at the very heart of teaching: it is because we never know how students will react to something that teachers are needed in the classroom (Roth & Maheux, 2015). And so while it is not uncommon for teachers to be blamed for their student’s failures, accusing them of doing so by not following prescribed policies, selected textbooks reviewed research is forgetting the basic necessitates of teaching. Here, we see a group of teachers clearly committing themselves toward their present and future students, embracing the uncertain nature of teaching for all the promises it holds.
[bookmark: __DdeLink__693_670895151]At the beginning of this article, we highlighted some of the difficulties perceived in the teaching and learning of rational numbers. We noted the apparent resistance of those difficulties despite the advance made by decades of research, instructional materials, educational guidelines and so on. Our contention is that the problem does not rest in the quality or the insights of those initiatives, nor in settling the long debate amongst some scholar regarding the primacy of fractional or decimal numbers. Rather, we think that it has to do with how actual act of teaching are immersed in and infused with culture.
Talking about culture means talking about people who continuously experience time and specific physical and social environments. According to Ricoeur, this experience hinges on the interdependence among past, present and future. We saw those intertwined dimensions in two aspects of the teaching practice: the decision to steer their teaching in a given direction (innovation) and the preparation of a classroom lesson. 
Teachers will always have to do this kind of preparation: creating interpreting, adapting, adjusting lessons to the particular story, the unique narrative they live with their students. And of course, in the process some elements get lost, or ignored, or push to the background.
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